
- - - - - - - - - - - - -  
NORMALIZATION 
- - - - - - - - - - - - - 
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Units
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Real variables x (random or continous) are sampled from points on the real number line

• A “unit” defines what “length"=1 means in the mathematical "space" in 
which the variable exists (i.e. what is a unit length)

x = bank balance (unit=USD) x = 1 →
x = distance (unit=meters) x = 1 →

• Typically it is helpful to introduce a “unit vector” with length 1 which points in the positive direction

• Recall that vectors have both magnitude (length) and directions 

• Any point x along the number line is a scalar multiple of the unit vector 

∞−∞ $Real number-line
0 1

unit vector:  ̂e1 = 1

Unit length:  | ̂e1 | = 1 USD
2

2.5 USD = 2.5 ̂e1−1.5 USD = 1.5 (− ̂e1)

∞−∞ $Real number-line
0 1 2

well defined meaning of "zero"



Function transformations
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https://www.onlinemathlearning.com/parent-functions.html

N
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-R
ig
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d

y = f(x |p) = Af ( x − xo

w )+SParameterizing a function:



Normal distributions examples
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Normal distributions with same mean increasing standard deviation

p(x) = 1
σ 2π

e− 1
2 ( x − μ

σ )2

two parameters:  (μ, σ)



Example: Gaussian
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addition outside (rigid verticle shift):  f (x) + a

multiplication inside (non-rigid horizontal scaling):  f (a x)

multiplication outside (non-rigid verticle scaling):  a f (x)

addition inside (rigid horizontal shift):  f (x − a)

y = f(x |p) = Af ( x − xo

w )+S

f(x) = e−x2

Parent function: 



Standard score
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i

p(w) = 1
σw 2π

e− 1
2 ( w − μw

σw )
2

w
=

we
ig

ht
(k

g)

Original 
Un-normalized 
space

σw ≈ 2.2 kg
μw ≈ 13.5 kg

i

μz ≈ 0
σz ≈ 1

z 0
1

2
3

Normalized  
space

z = w − μw

σw
Normalization



Example
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ux=np.mean(x_train)
sx=np.std(x_train)
x_train = (x_train-ux)/sx
y_train = (y_train-uy)/sy

Transformed that data 
Into a dimensionless 
space that runs from 
roughly -3 to 3 (i.e. 
unit-less space)

Normalize



Why do we normalize?
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1) Normalization forces the data into a standardized space, centered near the 
origin (0,0), with a data range ~ (-3 to 3). This effectively “gets rid” of units. 
However, this range depends on the statistical distribution of the original data

3) In this normalized space it is MUCH easier for machine learning algorithms 
to “learn” the data. For example, it parametric modeling we try to “learn” a 
curve that fits the data by adjusting (i.e. learning) the model parameters. In 
the normalized space, these parameters will also tend to be in the range (-3 
to 3), and therefore easier to “learn”.

2) Normalization makes visualization more effective, since all numerical 
variables span  roughly the same range

“The goal of normalization is to transform features to be on a similar scale. This 
improves the performance and training stability of the model” https://developers.google.com/machine-learning/data-prep/transform/normalization



Scaling to range
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Source: https://developers.google.com/machine-learning/data-prep/transform/normalization



Feature clipping
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Source: https://developers.google.com/machine-learning/data-prep/transform/normalization



Z-score normalization
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Source: https://developers.google.com/machine-learning/data-prep/transform/normalization



Log scaling
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Source: https://developers.google.com/machine-learning/data-prep/transform/normalization



Coordinate transform
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Indications are that we should transform the two 
weight variables, since they are both very skew 
and long-tailed. The usual transformation for this 
kind of distribution is a log-transform

heavily skewed distribution
more symetric/even distribution

x → x′ = log10(x)
Transform

NOTE: INPUTS TO log(x) MUST BE POSITIVE NUMBERS
Alternative transform: x → x′ = sinh−1(x)



Logarithms 

59 set ytic 1; set key bottom; set xrange [1:1000]; plot  log10(x) lw 4 lc rgb 'blue'

y = log10(x) x = 10y = 10log10(x)

1
x

y

100 = 1

101 = 10

102 = 100

103 = 1000

x

y



Summary-1 
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Source: https://developers.google.com/machine-learning/data-prep/transform/normalization



Summary-2 
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Un-normalize by un-doing the operations and re-scaling/shifting back to the original space


