
 - - - - - - - - - - - - -  
Multi-variable stats 

review 
- - - - - - - - - - - - - 
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Multiple features
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…

1
h1

i 2 3 N
h2 h3 hNhi

w1 w2 w3 wNwi

ft

lb
weight X =

h1 w1
h2 w2
⋮
hN wN

sample: i=1
sample: i=2

μh

σh

shape = 2 × N

Transpose

sample set (np array or dataframe)

Feature-1
height

Feature-2
height

μw

σw

Height distribution Weight distribution

Single variable summary stats
(Still analyzing individually)



MPG Dataset
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https://www.tensorflow.org/tutorials/keras/regression

ID

numeric 

continuous  


numeric 

discrete

numeric 

continuous  
 Categorical

volume of cyclindersnumber of cyclinders

DATA FRAME



Scatter plot

68

sns.scatterplot(data=df, x="mpg", y="displacement")

Do these variables appear to Co-vary? 
i.e. does a change in one appears to 
correspond to a change in the other

Yes!! However, Be careful!!  
Correlation does not equal Causation



Covariance-1
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X =

h1 w1
h2 w2
⋮
hN wN

sample set (matrix or dataframe)

sample: i=1

sample: i=2

μw

σw

μh

σh

weight deviation:  Δwi = wi − μw

var(h) = σ2
h = ⟨Δh2

i ⟩ = ⟨ΔhiΔhi⟩ = 1
N

N

∑
i=1

(hi − μh)(hi − μh)

height deviation:  Δhi = hi − μh (distance from mean)

cov(h, w) = ⟨ΔhΔw⟩ = 1
N

N

∑
i=1

(hi − μx)(hi − μh)
co-variance

Pearson correlation coefficent (normalized covariance):
condenses pair-plot down to a single number from -1 to 1

ρhw = cov(h, w)
σhσw

= ⟨ΔhΔw⟩
σhσw

variance: mean square deviation



Covariance-2
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Covariance (un-unormalized) cov(h, w) = ⟨Δw Δh⟩ = ⟨(wi − μw) (hi − μh)⟩

normalized
co-variance

Chw = ( σ2
h cov(h, w)

cov(w, h) σ2
w ) ρhw = (

1 ρh,w
ρw,h 1 )co-variance matrix

Pearson's correlation coefficient

ρi,j =
cov(xi, xj)

σiσj
= ⟨ (xi − μi)

σi

(xj − μj)
σj ⟩ ∈ [−1,1]

h1 w1
h2 w2
⋮
hN wN

μh = ⟨h⟩ σ2
h = ⟨Δh Δh⟩

μw = ⟨w⟩ σ2
w = ⟨Δw Δw⟩

single variable statistics:



Possible cases
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wi

hihi

wi

partially anti-correlatedpartially correlated

ρhw = 0 ρhw = − 1ρhw = 1

pair plot: plot weight as a function of height

uncorrelatedcorrelated anti-correlated

Different possibilties for how w and h COULD be are "related"
correlated anti-correlateduncorrelated

index

wi

hi

μw

μh

Stacked series plots (similar to "timeseries") cov(h, w) = ⟨Δw Δh⟩ = ⟨(wi − μw) (hi − μh)⟩



Pearsons's correlation coefficient

28https://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.pearsonr.html

wi

hihi

wi

partially anti-correlatedpartially correlated

μhw = 0 μhw = ≈ 1μhw = 1

pair plot: possible cases for weight as a function of height
uncorrelatedcorrelated anti-correlated

…

1
h1

i 2 3 N
h2 h3 hNxi →

w1 w2 w3 wNyi →

ft

lb



Visualizing correlation matrix

29

Inputs: x

Outputs: y

Basic feature selection

μX,Y = cov(X, Y )
σXσY



Example
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Visualizing-3

76

X =

x11 x21 x31 x41
x12 x22 x32 x42
⋮

x1N x2N x3N x4N

sample set (matrix or dataframe)

sample-1

sample-2

sample-N

fe
at

ur
e-

1
→

x 1

fe
at

ur
e-

2
→

x 2

fe
at

ur
e-

3 
→

x 3

fe
at

ur
e-

4 
→

x 4



Two - Dimensional Histograms

78Source: Dr. Faisal Kamiran: https://github.com/FaizSaeed/Data-Science-Course/tree/master/Lectures

form 2D mesh and count

Add mesh slides



Multi-variable PDF
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…

1
h1

i 2 3 N
h2 h3 hNhi

w1 w2 w3 wNwi

ft

lb

Center:  μh

Width:  σh

Height distribution

weight distribution
Width:  σw

Center:  μw

Single variable distribtions:

ρ(h)

ρ(w)

hw
ρ(h, w)

w

h

Multi-variable PDF

ρ(h)
ρ(w)

1D projections of a 2D data-set

combined (joint) distribution



2D Normal distribution
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Image source: Andrew Ng

https://en.wikipedia.org/wiki/
Multivariate_normal_distribution

p(x) = 1

2πσ2x

exp (− (x − μx)2

2σ2x )1D:

f(x, y) = 1
2πσXσY 1 − ρ2

e− 1
2(1 − ρ2) [( x − μX

σX
)2 − 2ρ( x − μX

σX
)( y − μY

σY
) + ( y − μY

σY
)2]2D:

fX(x1, …, xk) =
exp (− 1

2 (x − μ)TΣ−1(x − μ))
(2π)k |Σ |

k-D:

 principal axes are defined by 
the eigenvectors of the 

covariance matrix 


μ = (μX
μY), Σ = ( σ2

X ρσXσY

ρσXσY σ2
Y )

ρX,Y = cov(X, Y )
σXσY

μ = [0
0] Σ = [1 0

0 1]
uncorrelated correlated: non-zero covariance on the off diagonal

μ = [0
0] Σ = [1 A

A 1]

two parameters:  (μ, σ)

arbitary dimension: 



Bi-variate (uncorrelated) 

81

μ = [0
0] Σ = [1 0

0 1] μ = [0
0] Σ = [ 1

2 0
0 1] μ = [0

0] Σ = [1 0
0 1

2 ]

LECTURE-CODES/WEEK5/2D-PLOTS.py



Bi-variate (correlated) 

82

μ = [0
0] Σ = [1 0

0 1]

LECTURE-CODES/WEEK5/2D-PLOTS.py

μ = [0
0] Σ = [1 1

2
1
2 1] μ = [0

0] Σ = [ 1 − 1
2

− 1
2 1 ]

un-correlated


